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Abstract

The stoichiometric relations of complex reaction networks were discussed with the general theory of stoichiometric number
introduced and developed by Horiuti et al. Horiuti introduced the concept of reaction route in the theory, in which the reaction
route was expressed by a set of stoichiometric numbers. The theory was applied to analyses of the stoichiometries in the reaction
network of the 11 pseudo-elementary reactions (steps) of the Belousov–Zhabotinski (BZ) reaction and its reduced mechanism
called the amplified Oregonator. Both of the mechanisms were developed by Noyes et al. for analysis of the oscillatory phe-
nomena of the BZ reaction. The amplified Oregonator was concluded sufficiently to describe the stoichiometries of the original
network of 11 steps by using the general theory of stoichometric number. In comparison of these analyses of the stoichiometries
in the above two mechanisms, a criterion for preserving overall stoichiometry in reduced mechanisms was introduced.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The concept of the stoichiometric number, intro-
duced by Horiuti and Ikushima[1], has been developed
by him and his coworkers[2–6]. The stoichiometric
number theory has been developed to determine the
stoichiometric number of the rate-determining step,
thus contributing to the elucidation of the reaction
mechanism[6–11]. Further, the general theory of stoi-
chiometric number was found to provide a method for
classification of complex reactions of so-called multi-
ple reaction routes[4,5]. In this paper we deals with
the latter case, i.e. the general theory of stoichiometric
number.

E-mail address:makihiko.masuda@ma7.seikyou.ne.jp
(M. Masuda).

Stoichiometric relations among chemical species in-
volved in a reaction, especially in a complex reaction,
are of importance in description of the steady states
and reaction mechanism. Horiuti and Nakamura de-
veloped the general theory of stoichiometric number,
in which the concept of reaction route was introduced.
Each of reaction routes is specified by a set of stoi-
chiometric numbers. They showed that the reactions,
consisting of elementary reactions (or steps), are clas-
sified by the number of reaction route. This theory
had not been applied until the present author applied
to analyses of complex reaction networks of chemical
oscillation systems[12–14].

Reaction networks of most chemical oscillation
systems are complicated and consist of many steps.
Noyes and his coworkers precisely investigated
the mechanism of the Belousov–Zhabotinski (BZ)
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reaction. They interpreted oscillatory phenomena of
the BZ reaction by the mechanism with ten steps[15],
and then obtained the numerical solutions of limit cy-
cle oscillation, using a model, called the Oregonator,
which consists of five steps and three intermediates
[16]. In improvement of their mechanism (for exam-
ple, [17]), they proposed the reaction network of 11
pseudo-elementary reactions (steps) and its reduced
mechanism called as the amplified Oregonator model
of seven steps and five intermediates, and also ob-
tained the numerical solutions of sustained oscillation
[18,19]. When the reaction network of 11 steps was
reduced to the amplified Oregonator of seven steps,
they carefully discussed the stoichiometric relations of
the two mechanisms. Noyes previously discussed how
to reduce a complex network to the simpler one[20],
adopting the multiplicity proposed by Corio[21].

In a reduced mechanism of a complex reaction
network, stoichiometric relations of the reduced
mechanism should be consistent with those of the
complex reaction network at least at steady states.
Applying the general theory of stoichiometric number
introduced and developed by the late Prof. Horiuti,
we already discussed[12] the stoichiometries of the
Brusselator proposed by Prigogine and Lefever[22]
for chemical oscillation phenomena and the Oregona-
tor proposed by Field and Noyes[16]. Then we pre-
cisely discussed[13] the stoichiometric relations of
the reaction networks of the BZ reaction, i.e. the reac-
tion network of 11 steps and its reduced mechanism,
the amplified Oregonator, proposed by Noyes and his
coworkers[17–19]. In this discussion, we introduced a
criterion for preserving overall stoichiometry in re-
duced mechanisms.

In the present memorial issue to the late Prof.
Horiuti, we again carried out reconsideration of the
stoichometric relations of the BZ reaction networks
proposed by Noyes et al., which leads to further im-
provement and development with respect to reference
[13]. First, we briefly describe the general theory of
stoichiometric number and then discuss the stoichio-
metric relations of the reaction network of 11 steps
and its reduced mechanism, the amplified Oregonator.
On the basis of these discussion, we introduce a cri-
terion for preserving overall stoichiometry in reduced
mechanisms with an additional method. Finally, we
discuss the reaction route in reaction networks of
chemical oscillation systems.

1.1. The general theory of stoichiometric number
and the reaction route

First, we describe the general theory of stoichiomet-
ric number including the concept of reaction route, by
using the Brusselator[22], one of the simplest chem-
ical oscillator, which is expressed by the following
scheme:

A → X (1a)

B + X → Y + D (1b)

2X + Y → 3X (1c)

X → E (1d)

whereA and B are reactants,D and E are products,
andX andY are intermediates.

In general, we consider a reaction network, which
consists ofS steps withI′ intermediate species. In
schemes (1a)–(1d),S = 4, andI ′ = 2. Net rate,vs
(s = 1,2, . . . , S) of each step is expressed by the
forward rate,v+s , and the reverse rate,v−s , as

vs = v+s − v−s (2)

wherevs ’s are taken to be all positive at a steady state.
Denoting the amounts of speciesX andY involved

in the system of schemes (1a)–(1d) byX andY, respec-
tively, the kinetic equations are expressed by the net
rates of respective steps,vs ’s (s = 1–4 corresponding
to steps (1a)–(1d)), as

dX

dt
= v1 − v2 + v3 − v4 (3a)

dY

dt
= v2 − v3 (3b)

At a steady state, where dX/dt = dY /dt = 0, we have
from Eqs. (3a) and (3b):

v3 = v2, v4 = v1 (4)

Takingv1 andv2 arbitrarily to be equal to 1 and 0, or
equal to 0 and 1, respectively, we find it to be a solu-
tion of Eqs. (3a) and (3b). Any solution ofEqs. (3a)
and (3b)at dX/dt = dY /dt = 0 is expressed by a lin-
ear combination of two linearly independent solutions,
a andb, in the form of vector, respectively

a ≡ (νa1 , ν
a
2 , ν

a
3 , ν

a
4) = (1,0,0,1) (5a)
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b ≡ (νb1, ν
b
2, ν

b
3, ν

b
4) = (0,1,1,0) (5b)

as

v(v1, v2, v3, v4) = V a · a + V b · b (6)

i.e.

vs = V aνas + V bνbs , s = 1, . . . ,4 (7)

Eq. (7) implies that the net rates,vs ’s, of each steps
of schemes (1a)–(1d) are expressed by two values,νas
andνbs of the independent solutions,a andb, and two
parameters,Va andVb. Each of the solutions,a andb,
is called a reaction route (simply route) andνas or νbs
is called the stoichiometric number of steps in routea

or b, respectively. InEqs. (6) and (7), we can choose
the coefficients,Va andVb, for real values ofvs ’s at
a steady state. The coefficientVa or Vb is called the
rate of routea or b, respectively.

The stoichiometric expression for routea or b at
a steady state is obtained as follows. Stoichometric
equations of steps (1a)–(1d), multiplied by the respec-
tive stoichiometric numberνas or νbs (s = 1–4), are
added, to result in

a : A → E (8a)

or

b : B → D (8b)

respectively. Thus the stoichiometric expression, cor-
responding to the general solution (6), is given as

V aA + V bB → V bD + V aE (9)

In general, the amount of each of intermediates in-
cluded in the system byXi (i = 1,2, . . . , I ′) and its
differential with time, dXi /dt, is expressed as a linear
function of vs ’s. At a steady state, dXi /dt = 0 (i =
1,2, . . . , I ′ ), we haveI′ linear equations. The number
of independent equations inI′ is denoted byI, which
is called the number of independent intermediate. In
these equations, the number of independent solutions
denoted byP, is expressed bySandI as

P = S − I (10)

In schemes (1a)–(1d),S = 4 andI = 2, and thusP =
2. Each independent solution is expressed by vectors,
νp (p = 1,2, . . . , P ) as

νp = (ν
p

1 , ν
p

2 , . . . , ν
p
S ) (11)

and the general solution is given by linear combination
of the vectors,νp ’s as

v = (v1, v2, . . . , vS)

=
∑

V pνp (p = 1,2, . . . , P ) (12)

Practically we choose components of the indepen-
dent solutions as simple numbers, e.g. positive inte-
ger or a half. Each of independent solutions,νp (p =
1,2, . . . , P ), is calledreaction routep (simply route
p), each component,νps (s = 1,2, . . . , S), the sto-
ichiometric number of steps in route p, Vp (p =
1,2, . . . , P ) the rate of routep, I the number of inde-
pendent intermediates, andP is the number of reaction
route.

1.2. Application to the stoichiometry of the reaction
network of 11 steps of the BZ reaction

We now apply our method to the reaction network
of 11 steps for the BZ reaction proposed by Ruoff and
Noyes[18], which is expressed as

BrO3
− + Br− + 2H+ → HBrO2 + HOBr (13a)

HBrO2 + Br− + H+ → 2HOBr (13b)

BrO3
− + HBrO2 + H+ → 2BrO2 + H2O (13c)

BrO2 + M(n)+ + H+ → HBrO2 + M(n+1)+ (13d)

2HBrO2 → BrO3
− + HOBr + H+ (13e)

HOBr + Br− + H+ → Br2 + H2O (13f)

RH + Br2 → RBr + Br− + H+ (13g)

HOBr + R• → ROH+ Br• (13h)

RH + Br• → Br− + H+ + R• (13i)

RH + M(n+1)+ → M(n)+ + H+ + R• (13j)

2R• + H2O → RH + ROH (13k)

where RH is organic substrate, R• its radical, and
M(n)+ and M(n+1)+ are metal ion catalysts. In the re-
action schemes (13a)–(13k), they claimed that there
existed two different overall reactions, both of which,
however, are described by the same stoichiometric ex-
pression, i.e.

BrO3
− + 3RH+ H+ → 2ROH+ RBr + H2O (14)
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First, we investigate the stoichiometry of the above
reaction scheme by application of our method. In
the above reaction scheme, there are nine interme-
diates, i.e. HBrO2, HOBr, Br−, M(n+1)+, M(n)+,
BrO2, Br2, Br•, and R•, each of which is denoted
by X1, X2, . . . , X9, respectively. Those amounts
included in the system are expressed by italic
X1, X2, . . . , X9. The net rates of (13a)–(13k) are
denoted byv1, v2, . . . , v11, respectively. The kinetic
equations with respect to the respective intermediates,
X1, X2, . . . , X9, are expressed as

dX1

dt
= v1 − v2 − v3 + v4 − 2v5 (15a)

dX2

dt
= v1 + 2v2 + v5 − v6 − v8 (15b)

dX3

dt
= −v1 − v2 − v6 + v7 + v9 (15c)

dX4

dt
= v4 − v10 (15d)

dX5

dt
= −v4 + v10 (15e)

dX6

dt
= 2v3 − v4 (15f)

dX7

dt
= v6 − v7 (15g)

dX8

dt
= v8 − v9 (15h)

dX9

dt
= −v8 + v9 + v10 − 2v11 (15i)

At a steady state, dXi /dt = 0 (i = 1,2, . . . ,9), we
obtain nine linear equations fromEqs. (15a)–(15i),
but eight equations are independent each other since
the equation obtain fromEq. (15d)is identical with
that from Eq. (15e). The rank of matrix of the nine
linear equations of 11 variables is easily found to be 8.
Therefore, the number of independent intermediatesI
is 8 and the number of stepsS is 11 so that the number
of reaction route,P, is obtained fromEq. (10)as

P = S − I = 11− 8 = 3

The number of reaction routeP = 3 implies that
there exist three independent solutions on kinetic
Eqs. (15a)–(15i)under the steady state condition.

The eight variables ofv4, . . . , v11 are obtained as
a solution fromEqs. (15a)–(15i)with dXi /dt = 0
(i = 1,2, . . . ,9) and are related each other in the
following equations:

v4 = 2v3 (16a)

v5 = 1
2(v1 − v2 + v3) (16b)

v6 = 1
2(v1 + v2 + v3) (16c)

v7 = v6 = 1
2(v1 + v2 + v3) (16d)

v8 = v1 + v2 (16e)

v9 = v8 = v1 + v2 (16f)

v10 = v4 = 2v3 (16g)

v11 = v3 (16h)

wherev1, v2, andv3 are arbitrarily chosen. When three
vectors of (v1, v2, v3) are independent each other, we
obtain three independent solutions ofEqs. (15a)–(15i)
at a steady state. Let us choose (v1, v2, v3) to be (2, 0,
0), (1, 1, 0), and (0, 0, 2), and the solutions, which are
denoted byA, B, andC, respectively, can be obtained
as

A = (2,0,0,0,1,1,1,2,2,0,0) ≡ (νAs ),

s = 1–11 (17a)

B = (1,1,0,0,0,1,1,2,2,0,0) ≡ (νBs ),

s = 1–11 (17b)

C = (0,0,2,4,1,1,1,0,0,4,2) ≡ (νCs ),

s = 1–11 (17c)

The general solution ofEqs. (15a)–(15i)at a steady
state is expressed by a linear combination ofA, B,
andC as

v ≡ (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11)

= V A · A + V B · B + V C · C (18)

Thus, the net ratesvs ’s of the respective steps are
expressed as

vs = V AνAs + V BνBs + V CνCs , s = 1–11 (19)

Eq. (19) implies that the net ratesvs ’s at a steady
state are described by three vectorsA, B, andC, and
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by three parameters,VA, VB , and VC . Accordingly,
the vectorA, B, or C is called a reaction route (or
simply routeA, B, or C, respectively), the element of
the vector,νAs , ν

B
s ,or νCs , is the stoichiometric number

of steps in route A, B, or C, respectively, and the
parameterVA, VB , or VC , is the rate of routeA, B, or
C, respectively.

Stoichiometric expressions of routesA, B, andC

are obtained as follows. Stoichiometric equations of
stepss (s = 1–11), multiplied by the respective sto-
ichiometric number,νAs , are added, to result in stoi-
chiometric expression of routeA, i.e.

BrO3
− + 3RH+ H+ → 2ROH+ RBr + H2O (20)

The expressions of routes,B and C, similarly ob-
tained, converged intoEq. (20). It may be noted that,
if the respective steps ofEqs. (13a)–(13k)occur atνAs
times (s = 1–11), routeA of Eq. (20)is completed at
a single occurrence. Similarly, the identical relation-
ships are shown to be present in routesB andC.

RoutesB andC, corresponding to the two overall
reactions, were found by Ruoff and Noyes[18], but
routeA was not found by them. However, routeA is
necessary for description of the stoichiometry of the
reaction, which consists of steps (13a)–(13k), at the
steady state. These results show that the general theory
of stoichiometric number can provide us the whole
reaction routes in a complex reaction scheme without
any omission.

1.3. Stoichiometry of the amplified Oregonator

The reaction schemes (13a)–(13k) is too compli-
cated to lead to numerical analysis of oscillatory
phenomena. Field and Noyes proposed a simplified
model, called the Oregonator[16], which consists
of five steps including three intermediates, to the
schemes (13a)–(13k). They succeeded to obtain the
numerical solution of limit cycle oscillation, which
was the first interpretation on BZ reaction. The Oreg-
onator is shown as

A + Y → X (21a)

X + Y → P (21b)

B + X → 2X + Z (21c)

2X → Q (21d)

Z → f Y (21e)

whereX, Y, andZ are intermediates,A andB the reac-
tants,P andQ the products, andf is a coefficient. Inter-
mediates,X, Y, andZ, correspond to HBrO2, Br−, and
Ce4+ (M(n+1)+), included in schemes (13a)–(13k), re-
spectively. In this case,S = 5 andI = 3, we see the
number of reaction route,P = 2, from Eq. (10).

Ruoff and Noyes developed the Oregonator to the
amplified Oregonator[18], which is shown as

A + Y → X + P (22a)

X + Y → 2P (22b)

A + X + C → 2X + Z (22c)

2X → A + P (22d)

P → L (22e)

P → Y (22f)

Z → C (22g)

whereA is a reactant BrO3−, L a product RBr, andX,
Y, Z, P, and C the intermediates, which correspond
to HBrO2, Br−, and 2M(n+1)+, HOBr, and 2Mn+,
respectively. Relations of schemes (22a)–(22g) to
schemes (13a)–(13k) are as follows. Steps (22a),
(22b), and (22d) correspond to (13a), (13b), and (13e),
respectively. Steps (22c), (22e), (22f), and (22g) were
obtained from combinations of two steps: (13c) and
(13d), (13f) and (13g), (13h) and (13i), and (13j) and
(13k), respectively. In the above scheme, reactants
and products, such as RH, H+, ROH and H2O were
abbreviated and also intermediates, BrO2, Br2, Br•,
and R• in schemes (13a)–(13k) disappeared in simpli-
fication by combination of steps described already. It
is noted that, at combination of steps (13c) and (13d),
the expression of step (13d) is multiplied by a factor 2.

We now investigate the reduced schemes (22a)–
(22g), by using the general theory of stoichiometric
number. Amounts of intermediatesX, Y, Z, C, andP
are denoted byY1, Y2, . . . , Y5, respectively, and the
net rates of steps (22a)–(22g) are denoted byv′

s (s =
1,2, . . . ,7), respectively. Kinetic equations with re-
spect to the respective intermediates are expressed as

dY

dt
= Mv′ (23)
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where

Y = (Y1, Y2, Y3, Y4, Y5) (24a)

v′ = (v′
1, v

′
2, v

′
3, v

′
4, v

′
5, v

′
6, v

′
7) (24b)

and

M =




1 −1 1 −2 0 0 0

−1 −1 0 0 0 1 0

0 0 1 0 0 0 −1

0 0 −1 0 0 0 1

1 2 0 1 −1 −1 0




(24c)

The rank of matrixM is easily found to be 4 and the
number of steps is 7, so that the number of reaction
routeP equals 3. At a steady state, dY /dt = 0, the net
rates,v′

4, v
′
5, v

′
6,andv′

7, are expressed fromEq. (23)as

v′
4 = 1

2(v
′
1 − v′

2 + v′
3) (25a)

v′
5 = 1

2(v
′
1 + v′

2 + v′
3) (25b)

v′
6 = v′

1 + v′
2 (25c)

v′
7 = v′

3 (25d)

Taking (v′
1, v

′
2, v

′
3) to be (2, 0, 0), (1, 1, 0), and (0,

0, 2), we obtain three independent routes,A′, B ′, and
C′, respectively, fromEqs. (25a)–(25d), i.e.

A′ = (2,0,0,1,1,2,0) ≡ (νA
′

s ), s = 1–7 (26a)

B ′ = (1,1,0,0,1,2,0) ≡ (νB
′

s ), s = 1–7 (26b)

C′ = (1,0,2,1,1,0,2) ≡ (νC
′

s ), s = 1–7 (26c)

The general solution ofEq. (23)under the steady state
condition, dY /dt = 0, is expressed as

v′ = V A′ · A′ + V B ′ · B ′ + V C′ · C′ (27)

Thus, the net rates,vs ’s, of the respective steps are
expressed as

v′
s = V A′

νA
′

s + V B ′
νB

′
s + V C′

νC
′

s , s = 1–7 (28)

Stoichiometric expressions of routesA′, B ′, andC′
are the same and given by

A → L (29)

whereA is BrO3
− andL is RBr.

When reactants and products abbreviated in
schemes (22a)–(22g) are one more expressed, the
above expression becomes identical withEq. (20).
The net ratesv1, v2, andv5 of steps (13a), (13b), and
(13e) should be equal tov′

1, v′
2, andv′

4 of steps (22a),
(22b), and (22d), respectively, since the former three
steps are identical to the latter three steps, respec-
tively. ComparingEq. (19)with Eq. (28), we obtain

V A = V A′
, V B = V B ′

, V C = V C′

Thus, routesA′, B ′, andC′ are found to correspond to
routesA, B, andC in schemes (13a)–(13k), respec-
tively.

1.4. A criterion for preserving overall
stoichiometry in reduced mechanisms

We have so far investigated the stoichiometries
of reaction schemes (13a)–(13k) and its reduced
schemes (22a)–(22g). We will now introduce “a cri-
terion for preserving overall stoichiometry in reduced
mechanisms” by investigation of the stoichiometric
relations between them.

In reaction schemes (13a)–(13k), the stoichiometry
at any steady state is described inEq. (18), which
is expressed by three reaction routesA, B, and C,
and three parameters (the rates of routes)VA, VB , and
VC . These parameters are dependent on experimental
conditions since net rates,vs ’s, of stepss (s = 1–11),
depend on experimental conditions. Accordingly, each
of the net rates,vs ’s, is described inEq. (19) and
assumes to be a function ofVA, VB andVC . Eq. (18)
is expressed byEqs. (17a)–(17c)as

v = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11)

= (2V A + V B, V B,2V C,4V C, V A + V C, V A

+V B + V C, V A + V B + V C,2V A

+2V B,2V A + 2V B,4V C,2V C) (30)

In the reduced schemes (22a)–(22g),Eq. (27) is ex-
pressed as

v′ = (v′
1, v

′
2, v

′
3, v

′
4, v

′
5, v

′
6, v

′
7)

= (2V A′ + V B ′
, V B ′

,2V C′
, V A′

, V C′ + V A′
, V B ′

+V C′
,2V A′ + 2V B ′

,2V C′
) (31)

First, we consider the case where we combine steps
(13c) and (13d) to step (22c). Stoichiometric equations
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of steps (13c) and (13d) are multiplied byνC3 (= 2)
andνC4 (= 4), respectively, and are added to result in

2[BrO3
− + HBrO2 + 2M(n)+ + 3H+]

→ 2[2HBrO2 + 2M(n+1)+ + H2O]

which corresponds to step (22c), multiplied by a factor
2 and added by 3H+ and H2O which are abbreviated
in the reduced schemes (22a)–(22g). A factor 2 cor-
responds to the stoichiometric number ofνC

′
3 . There-

fore, the stoichiometry of the occurrence ofνC3 (= 2)
times of step (13c) and ofνC4 (= 4) times of step (13d)

is identical with that of the occurrence ofνC
′

3 (= 2)
times of step (22c). Thus, the occurrence ofVC times
of routeC, which implies the occurrence ofνC

′
3 V C′

times of step (13c) and ofνC4 V
C times of step (13d),

corresponds to that ofV C′
times of routeC′, which

implies the occurrence ofνC
′

3 V C′
times of step (22c).

This fact is shown inEqs. (30) and (31).
Next, we consider the case of steps (13f) and (13g).

In routeA, stoichiometric equations of steps (13f) and
(13g), multiplied byνA6 (= 1) andνA7 (= 1), respec-
tively, are added to result in

HOBr + 3RH → RBr + H2O (32)

which corresponds to step (22e), in which 3RH and
H2O are abbreviated. In routesB and C, the same
expression can be obtained. Therefore, the occurrence
of (V A+V B +V C) times of the respective steps (13f)
and (13g), corresponds to that of (V A′ + V B ′ + V C′

)
times of step (22e).

Similarly to the above described cases, the occur-
rence of (2V A + 2V B ) times of the respective steps
of (13h) and (13I) is found to correspond to that of
(2V A′ + 2V B ′

) times of step (22f). Similarly, the oc-
currence of 4VC times of step (13j), and 2VC times of
step (13k) corresponds to that of 2V C′

times of step
(22g).

As discussed above, the stoichometry of the reduced
schemes (22a)–(22g) is consistent with that of the re-
action schemes (13a)–(13k). Although the net rates,
vs ’s, of steps (13a)–(13k) vary with experimental con-
ditions, expression (18) holds at another steady state at
differentVA, VB , andVC , in whichvs ’s are expressed
in Eqs. (19) and (30). When stepsj andk are included
in only one route (i.e. the stoichiometric numbers of
stepsj and k are zero except for only one route), it

is easily found that the stoichiometry of the resultant
step gives that of stepsj andk, as shown in the cases
of the combination of steps (13c) and (13d) and of the
combination of steps (13j) and (13k). When the sto-
ichiometric numbers of stepsj andk are not zero in
two routes and those of stepsj andk in one route are
identical with those in another route, respectively, the
resultant step gives the stoichiometry of stepsj and
k. This is shown in the case of steps (13h) and (13i),
because the combination of two steps in two routes
gives the same stoichiometric expression. The same
holds in the case where the stoichiometric numbers of
stepsj andk are not zero in three routes as in the case
of steps (13f) and (13g). However, if steps (13a) and
(13b) are combined, the resultant step in routeB ′ is
expressed as

BrO3
− + 2Br + 3H+ → 3HOBr (33)

but the step in routeA′ remains in the same expression
with (13a) multiplied by a factor 2. This discrepancy
between the stoichiometric expressions of routesA′
andB ′ implies that the combination of steps (13a) and
(13b) does not hold for description of the stoichiom-
etry of the reaction schemes (13a)–(13k).

We now extend the above discussion to general ex-
pression. In determination of the three routesA, B,
and C, we choose simpler solutions, which can ex-
press the overall reaction (14). Since any linear com-
bination of solutionsA, B, and C, is a solution of
Eqs. (15a)–(15i), we can choose another set of three
independent solutions, each of which is given by a lin-
ear combination ofA, B, andC, so that the conditions
discussed above are not the ones necessary for the
consistency of stoichiometry. When combining stepsj
andk in reaction schemes (13a)–(13k), we can obtain
the relation betweenvj andvk in Eq. (30). Ratios of
vj /vk of combined steps are given as

v3

v4
= 2V C

4V C
= 1

2
(34a)

v6

v7
= V A + V B + V C

V A + V B + V C
= 1 (34b)

v8

v9
= 2(V A + V B)

2(V A + V B)
= 1 (34c)

v10

v11
= 4V C

2V C
= 2 (34d)
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These ratios are independent ofVA, VB , andVC . At
combination of steps (13a) and (13b), the ratio is ex-
pressed as

v1

v2
= 2V A + V B

V B
(34e)

being dependent onVA andVB . The above relations do
not depend on choice of the three independent routes,
as shown inAppendix A.

Since the net ratesvs ’s vary with experimental con-
ditions, the rates of routesVA, VB , andVC vary with
the conditions. When stepsj andk are combined un-
der the condition of a constant value ofvj /vk as in the
cases ofEqs. (34a)–(34d), the resultant step may give
the stoichiomtry of stepsj andk. On the other hand,
if vj /vk depends onVA, VB , and/orVC , vj /vk varied
with experimental conditions so that the resultant step
cannot give the stoichiometry of stepsj andk. There-
fore, we came to the result that the reduced scheme
such as the amplified Oregonator has a criterion that
the rate ratio,vj /vk, should not vary with the rate of
reaction route in order to describe the same overall
stoichiometry as in the full unreduced scheme.

The above criterion leads to another expression
mathematically equivalent, which is shown by three
Eqs. (A.5a)–(A.5c)in Appendix A, i.e.

νAj = rνAk (35a)

νBj = rνBk (35b)

νCj = rνCk (35c)

where a constantr is the rate ratiovj /vk which is
independent ofVA, VB , and VC . In the cases of
Eqs. (34a)–(34d), Eqs. (35a)–(35d)are easily found
to be fulfilled and in the case ofEq. (34e)not to be
fulfilled. This expression is more convenient than the
former for finding the consistency of the stoichiomet-
ric relation, which is found fromEqs. (17a)–(17c)of
the independent reaction routes.

1.5. The reaction routes of chemical
oscillation systems

In reaction schemes of chemical oscillation sys-
tems, there exists, at least, an unstable steady state,
which may lead to limit cycle oscillation. Most chem-
ical oscillation systems include so-called an autocat-
alytic process, such as steps (1c), (21c), and (22c),

which multiplies an intermediate 1.5 times in step (1c)
and twice in steps (21c) and (22c). Although in reac-
tion schemes (13a)–(13k) we cannot apparently find
an autocatalytic process, the occurrence of both steps,
(13c) and (13d), causes multiplication of an interme-
diate, HBrO2, as already discussed. Even if we can
obtain the numerical solutions of limit cycle oscil-
lation from the unreduced schemes (13a)–(13k), we
should appreciate the significance of the Oregonator
and the amplified Oregonator since these reduced re-
action schemes make it clear that the original reaction
schemes (13a)–(13k) implicitly includes autocatalytic
process.

Every reaction schemes of (1a)–(1d), (13a)–(13k),
and (22a)–(22g), have multiple routes, as shown
in Eqs. (5a), (5b) (17a)–(17c), and (26a)–(26c),
respectively.1 One of the respective routes in those
three reaction schemes includes an autocatalytic
process explicitly in both schemes (1a)–(1d) and
(22a)–(22g), and implicitly in schemes (17a)–(17k).
Each of these routes including an autocatalytic pro-
cess may be unstable at each of respective steady
states and the others may be stable. We may infer that
the reaction schemes of chemical oscillation systems
have both unstable and stable reaction routes. It is
necessary to perform stability analysis in their routes.

2. Concluding remarks

In general, a reduced reaction scheme (mechanism)
of a complex reaction network (scheme) includes sev-
eral reduced steps, each of which is obtained from a
combination of steps in the reaction network. As dis-
cussed above, the stoichiometry of the reaction net-
work is described by reaction routes, each of which is
expressed by the stoichiometric numbers of the con-
stituent steps of the reaction network. The net rates
vs ’s of steps of the reaction network are expressed
by the stoichiometric numbers of the steps in the re-
spective reaction routes and their rates. At combina-
tion of two stepsj andk of the reaction network, if a
rate ratio ofvj /vk expressed by the rates of the routes

1 Two reaction routes of reaction schemes (21a)–(21e) cannot
be separated into a route including an autocatalytic step (21c) and
that not including step (21c) since step (21e) was obtained by
combination of too many steps to keep their stoichiometric validity.
As a result of the combination a coefficientf was introduced.
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and by the stoichiometric numbers is independent of
the rate of the routes, the resultant step describes the
stoichiometry of stepsj andk. If not, the same does
not hold. Stoichiometric equations of the two stepsj
andk, multiplied by the stoichiometric numbers of re-
spective steps, are added and then the resultant step is
obtained.

Therefore, in order that a reduced reaction scheme,
obtained from a complex reaction network, describes
the stoichiometry of the reaction network, it is nec-
essary that rate ratios ofvj /vk are independent of the
rates of the reaction routes. Another expression of this
statement is given by the relations of the stoichiomet-
ric numbers of stepsj andk in the respective reaction
routes, i.e.Eqs. (35a)–(35c). We call this fact as “a cri-
terion for preserving overall stoichiometry in reduced
mechanism”.

The concept of the reaction route, which is shown
to be useful for analyses of reaction networks, will
be a powerful tool for stability analysis of a steady
state of a complex reaction network. When each of
reaction routes is separately analyzed with respect to
its stability, we will well understand the mechanisms
of chemical oscillation systems. This problem is left
for the further studies in progress.
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Appendix A

When net rates,vj and vk, of stepsj and k are
expressed as a function ofVA, VB , andVC of three
independent routes, whether the rate ratio,vj /vk, gives
a constant value or not is independent of choice of
the three independent routes. This fact is verified as
follows.

Let us express three independent routes as

A = (νA1 , . . . , ν
A
s , . . . , ν

A
S ) (A.1a)

B = (νB1 , . . . , ν
B
s , . . . , ν

B
S ) (A.1b)

C = (νC1 , . . . , ν
C
s , . . . , ν

C
S ) (A.1c)

and the general solution is expressed as

v = (v1, . . . , vs, . . . , vS)

= V A · A + V B · B + V C · C (A.2)

Consider a case where a rate ratio,vj /vk, is indepen-
dent ofVA, VB , andVC , and we have

vj

vk
=

V AνAj + V BνBj + V CνCj

V AνAk + V BνBk + V CνCk

= r (A.3)

wherer is a constant. We have fromEq. (A.3)

V A(νAj − rνAk )

+V B(νBj − rνBk ) + V C(νCj − rνCk ) = 0 (A.4)

SinceVA, VB , and VC are variables, we have from
Eq. (A.4)

νAj = rνAk (A.5a)

νBj = rνBk (A.5b)

νCj = rνCk (A.5c)

Eqs. (A.5a)–(A.5c)are mathematically equivalent to
Eq. (A.3).

Let us consider another set of three independent
routesA′, B ′, andC′, which are given by linear com-
binations ofA, B, andC. We takeA′, B ′, andC′ to
be equal toA, B, and (β · B + γ · C), respectively,
whereβ andγ are constant. If the rate ratiovj /vk ex-
pressed by routes,A′, B ′, andC′, gives the constant
value of r, we will have the same relation in any set
of three independent routes.

Stoichiometric numbers,νC
′

j and νC
′

k , of routeC′
are expressed as

νC
′

j = βνBj + γ νCj (A.6a)

νC
′

k = βνBk + γ νCk (A.6b)

The net rates,vj andvk, are expressed, respectively, as

vj = V A′
νAj + V B ′

νBj + V C′
νC

′
j (A.7a)

vk = V A′
νAk + V B ′

νBk + V C′
νC

′
k (A.7b)

whereV A′
, V B ′

, andV C′
are not identical withVA,

VB , andVC , respectively.
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Substituting νC
′

j and νC
′

k from Eqs. (A.6a) and
(A.6b) into Eqs. (A.7a) and (A.7b), respectively, we
have

vj = V A′
νAj + (V B ′ + βV C′

)νBj + γV C′
νCj (A.8a)

vk = V A′
νAk + (V B ′ + βV C′

)νBk + γV C′
νCk (A.8b)

SubstitutingνAj , νBj andνCj from Eqs. (A.5a)–(A.5c)
into (A.8a), we have

vj = r{V A′
νAk + (V B ′ + βV C′

)νBk + γV C′
νCk }

(A.9)

Thus, we have from (A.8b) and (A.9)

vj = rvk (A.10)

which shows that the relation (A.3) is independent
of choice of three independent routes. It may be noted
thatEq. (A.3) is equivalent toEqs. (A.5a)–(A.5c).
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